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Abstract

The continuous-time random walk is defined as a Poissonization of discrete-time random walk. We study the
noncolliding system of continuous-time simple and symmetric random walks on Z. We show that the system is
determinantal for any finite initial configuration without multiple point. The spatio-temporal correlation kernel is
expressed by using the modified Bessel functions. We extend the system to the noncolliding process with an infinite
number of particles, when the initial configuration has equidistant spacing of particles, and show a relaxation
phenomenon to the equilibrium determinantal point process with the sine kernel.
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1 Introduction
Eigenvalue distributions of Hermitian random-matrix
ensembles provide typical examples of determinantal
point processes (DPPs) on R [5,19]. The essential charac-
teristic of a DPP is repulsive interaction acting between
any pair of points [25,26]. Recently, it is clarified that
such negatively correlated point processes are useful not
only to simulate energy-level statistics of complex quan-
tum many-particle systems, but also to describe statistics
of sets of items that are diverse; for example, queries of
users and topics in daily news. A variety of such real-world
applications of DPPs in the machine learning technologies
is surveyed in [17]. In particular, the eigenvalue distribu-
tion of non-Hermitian random matrices called the Ginibre
ensemble [6] has attracted much attention both in pure
mathematics and in applications, since it gives a DPP on
a complex plane C. The Ginibre-Voronoi tessellation on
the plane has been studied [7] and its advantage than
the classical Poisson-Voronoi tessellation in the applica-
tions to cellular network modeling is reported [20]. See
[2] and papers cited therein for simulation algorithms of
DPPs.

DPPs originally considered on R have been also
extended to the spatio-temporal plane Rx[0, c0). Such
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dynamical extensions of DPPs are called determinantal
processes [12,14,21-23]. Typical examples of determinan-
tal processes are noncolliding diffusions including Dyson’s
Brownian motion model with 8 = 2 [3], where noncollid-
ing conditions make the systems be negatively correlated.
The purpose of the present paper is to introduce a discrete
model defined on a lattice Z, which realizes a determi-
nantal process. Discretization of models will be useful in
applications in the future.

The continuous-time random walk is defined as a
Poissonization of discrete-time random walk. We con-
struct a noncolliding system of continuous-time simple
and symmetric random walks on Z as an s-transform dis-
cussed by Konig, O’Connell, and Roch [16]. We show that
the system has a determinantal martingale representation
[9]. We prove that for any finite initial configuration with-
out multiple point, £(-) = Z]Iil S () < uy < --- <
un, uj € Z,1 < j < N € N, the system is determinantal in
the sense that all spatio-temporal correlation functions are
given by determinants specified by the correlation kernel.
The correlation kernel is explicitly determined as

N
Ke (s, %58, y) = lex—uj\(s)lly—uj\(_t)
j=1

N
+ Z Z I\x—ujl & jy—w (—1)

j=1 WEZ\{Mk}kN=l
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7
(s,%), (t,y) €[0,00) x Z. Here I, (z) is the modified Bessel
function of the first kind of order v defined by [27]

1
— 1(s> O jx—y (s — 1),
Lt,‘ — Uy

(1.1)

o0

, (z/2)*
L@ ':< ) Zevr(u+e+1) v>-L

=

(1.2)

and 1(-) is an indicator; 1(w) = 1 if w is satisfied, and
1(w) = 0 otherwise.

We extend the system to the noncolliding process with
an infinite number of particles, when the initial configu-

ration is given by

() =) Sak(),

keZ

(1.3)

having equidistant spacing a € {2,3,...} between parti-
cles on Z. We prove that this infinite particle process is
also determinantal and the correlation kernel is given by

Ke,, (s, %L, y)

— lex ﬂll(s)if d)het)»(y/a —j)+tcos(r/a)
JEL

—1(s > Dy (s — 1), (1.4)

(s,%), (t,y) €[0,00) x Z. Moreover, we show a relaxation
phenomenon to the equilibrium determinantal point pro-
cess, which is governed by the sine kernel defined on
Z [10].

The paper is organized as follows. In Section 2 we
introduce continuous-time random walk and associated
martingales. We construct the noncolliding random walk
using the /-transform in the sense of Doob in Section 3.
In Section 4 we introduce a transformation S and give the
determinantal martingale representation for the noncol-
liding random walk. In Section 5 we give the correlation
kernel of the noncolliding random walk explicitly and
extend the system to infinite particle processes.

2 Continuous-time random walk

2.1 Construction

Let Z be the set of all integers and n € Z be a random
variable with a probability measure o = (6_1 +81)/2, that
is,

—_

, n==+1,

N |

Prob[n = n]=
0, neZ\ {-1,1}.

The characteristic function of o is then given by

o(2) = / e?o(dn) = cosz, ze€C,i=+—1. (2.1)
R
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We consider a continuous-time simple and symmetric
random walk on Z, which is denoted by V (¢),¢ € [0, c0).
It is defined as a compound Poisson process such that its
characteristic function v () (2) is given by [24],

Vv (2) == E[ le(t)]
=) ¢! (3(2))’
j=0

=exp(t(c(z) — 1)), zeC. (2.2)

In other words, the present continuous-time random
walk is a Poissonization of discrete-time simple and sym-
metric random walk. In this paper, this process on Z is
simply denoted by RW.

By definition the generator of RW is given by

fEe+DH+fx-1
2

Lif = —2f(x)

for suitable functions f.

Lemma 2.1. For V'(-), the transition probability is given by

T dkeik(yfx)ef(lfcosk)t
-7 (2.3)
t €[0,00), x,y € Z.

ptylx) = —

Proof. We consider the co-generator of L;, which is
denoted by L]. We can see easily L; = L. Therefore the
transition probability of RW is a unique solution of the
difference equation

d 1
P = i[p(t,y — 1|x) + p(t,y + 1|x) — 2p(5, y1%) ],

t €[0,00), x,y € Z

with the initial condition p(0, y|x) = dy,. Since the eigen-
function of L7 is ¢p(x) = e** with the eigenvalue A, =
cosk — 1, k € R, the integral (2.3) solves the differential
equation. It is obvious that the initial condition is satisfied
by (2.3). Then the proof is completed. O

Using the modified Bessel function (1.2) we can give
another representation to p.

Lemma 2.2. Fort €[0,00), x,y € Z,

p(t,ylx) = e Iy_y (). (2.4)
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Proof. By symmetry of the RHS of (2.3), p(t,ylx) =
p(t,x]y), and hence we can assume y > x without loss of
generality. We see

1
Pt ylx) =e*t2—/ dke™*0= x)Z (cosk)
4 n= 0
_ Z / dk(eY x<elk+6_lk> .
n! 2w 2

(2.5)

We rewrite this integral by k into a contour integral by
z=¢ék along a unit circle. Then (2.5) is equal to

fE ey
n'27r z
- "1 —1420—
- thann ()271 %dzyx o
tZZ(Z) TR

=0 n=¢t

(Y s (t/2)*
—° (2) Zz!r(y—x+e+1)

=0

= RHS of (2.4).

Thus the proof is completed. O

2.2 Associated martingales
We introduce a filtration {F; :
by Fr =0(V(s): 0 <s <t).

We perform the Esscher transform with parameter o €
R, V() > \70,(~) as

t €[0,00)} for RW defined

~ LV (®)
Va(t) = W, t €[0,00).
By E[e"‘v(t)] = Yy (i) = exp{t(cosha — 1)}, we have

Vo (t) = Go(t, V(1))
with

Gy (¢, x) = exp{ax — t(cosha—1)}, x € 7.

(2.6)

t €0, 00),

Lemma 2.3. G, (¢, V(t)) is an Fi-martingale for any o €
R.

Proof Fors < t,
E[eV 0| 7]

E[e2V®)]
VOE[e(VO-V6D]
T E[e VO] E[er(VO-VO)]
V)
E[ aV(S)]

E[ Go(t, V()| Fs] =

= Gu(s, V(s)).
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Therefore, G, (¢, V(¢)) is an F;-martingale. O

Expansion of (2.6) with respect to « around « = 0,

& n
o
Go(t,%) = ) mu(t,2)—, (2.7)
n!
n=0
determines a series of polynomials of degree #,
n -
m,(t,x) = Z c,(ql) (t)x’, neNg. (2.8)
j=0
Forn =0,1,2, 3,4, they are given by
mo(t,x) = 1,
mp (tr x) =X,

my(t,x) = x> —t,
ms(t,x) = X — 3tx,

ma(t,x) = x* — 6tx> + 362 — ¢

They satisfy relations

—imn(t x) = f[mn(t,x—i—l) —2my(t,x) + my,(t,x—1)],

dt
ne No.

The polynomials {1, (¢, x)},en, defined by (2.7) are fun-
damental martingale polynomials in the following sense

[9].

Lemma 2.4. The polynomials {m,(t,x)},cN, are given in
the form (2.8), in which
20 =o, M =1,

0<j<n-1, forall n € Ny.

(2.9)

That is m,(t,x)’s are monic polynomials with m, (0, x) =
x". Moreover, {m,(t, V(t))}nen, are Fi-martingales, t €
[0, 00).

Proof. By straightforward calculation we can check (2.9).
We can prove that {m, (t, V(¢))}sen, are F;-martingales
from the fact that G, (¢, x) is an F;-martingale for all « €
R. O

3 Harmonic transform and noncolliding system

Suppose N € N. We consider an N-dimensional RW on
ZN, V@) = (Vi®),..., V@), t €[0,00), where Vj(-),
1 <j < N are independent copies of V (-). We take the ini-
tial point u = (uy,...,uy) = V(0) € ZN. The probability
space is denoted by (€2, F, P,). The expectation is written

as E,. Let
,AN) E]RN:xl < .-

WN:{x:(xl,... <xN},
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which is the Weyl chamber of type Ay_;. Define t, be
the exit time from the Weyl chamber of the RW started at
ueZNNWy,

o, =inf{t > 0: V(¢) ¢ Wyn}.

In the present paper, we study the RW conditioned to
stay in Wy forever. That is, 7, = oo is conditioned. We
call such a conditional RW the continuous-time (simple
and symmetric) noncolliding RW.

Let M1 be the space of nonnegative integer-valued Radon
measures on Z. We consider the noncolliding RW as a
process in 2 and represent it by

N
E(t,) =) 8x0()

t €[0,00), (3.1)
j=1
where
X)) = X1(0),...,Xn@®) € ZNNWy, ¢ €]0,00).
(3.2)

The configuration E(t,-) € M, ¢t €[0,00) is unlabeled,
while X (¢) € ZN N Wy, ¢ € [0, 00) is labeled. We write the
probability measure for E(t,-),t €[0,00) started at £ €
M as Pe with expectation Eg, and introduce a filtration
{F(@):tel0,00)} defined by F(£) = (E(s) : 0 <s < ¢).
We set Mo = {& € M;£({x}) < 1 foranyx € Z}.

We write the Vandermonde determinant as

_ k=11 _ e
= 1<§1]¢3£N [xj ] = H Xk — %5).
= 1<j<k<N

h(x) (3.3)

We would like to introduce the s-transform in the sense
of Doob for RW in Wy. For this purpose Corollary 2.2
and Theorem 2.4 in [16] proved by Koénig, O’Connell,
and Roch are useful. See also [4,10,15]. Here we rewrite
their theorems with modifications to fit the present situ-
ation and put the following proposition. Let Wy be {x =
5, ..,xy) € RN ¢ x; < .. < xy) and 0Wy =
Wy \ Wy

Proposition 3.1. (Corollary 2.2 and Theorem 2.4 in [16])
The function h given by (3.3) is harmonic for V(t). The
restriction of h to Wy is a strictly positive function. And h
vanishes at OWy;.

By this proposition we can construct the noncolliding
RW, E, as an h-transform of an absorbing RW, V, in Wy.

Lemma 3.2. Suppose that N € Nand & = le\il Su; with
u= (uy,...,uN) € ZN "Wy Let t € [0,00),t < T < oc.
For any F (t)-measurable bounded function F we have

Page 4 of 10

al h(V(T))

Ee[F(E()] =Ey4 | F ;avj(.) 1(7,,>T)W
(3.4)

4 Transformation S and determinantal
martingale representations

4.1 Definition of S

We introduce a transformation,

S[FW)| (&, 0)]:=¢"Y Tw—x(~t)f W), t€[0,00),x € Z,

weZ

(4.1)

for f : Z — C. By the definition, S is a linear operator.
Note that W in the LHS is a dummy variable, but it will be
useful to specify a function f as shown below.

Lemma 4.1. The transformation S is related with the
characteristic function of RW, (2.2) with (2.1) by
S [ (2 (W—2)

o eR. (4.2)

%
G Vv i)’

Proof. By the definition (4.1),
Z e I\w x (= t)ea(w %) _Zet1|k|( t)eka
weZ keZ
o0 o0
= ¢ [Z e (—t) + Y e’“ﬁk(—t)} .
s=0 k=1
(4.3)

By the definition (1.2) of modified Bessel function, (4.3)
is equal to

(o) » 0 ¢ 20+s
N Lo '(Z—l—s)' <_2>

LHS of (4.2)

s=0 =0
' 1 t 20+k
+;e Zz'(k+z)' (_2> ]
0 00 ¢ 20—k X
_t _ - o
=€ Z E'(Z—k)'( 2) ¢
—o0 £=0
o0 ¢ 20—k X
+ZZ@ (K—k)' <_2) €
k=1 {=k

I Il
QN QN
(e L[V]e
S| =
= OM8
| =
N~
VN §_.
c“r\
Q
e \-<
+
i~ 3
— =
|
N |~ §,
N—— |
3
|
3
5

= exp[—t(cosha — 1)] = RHS of (4.2).
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Then the proof is completed. O

4.2 Representations of martingales using S

Lemma 4.2. With the transformation (4.1), the funda-
mental martingale polynomials for RW; {m,,(t, %)} nen, t €
[0, 00), have the following representations,

mu(t,x) = S[W"|(t,x)], neNyp tel0,00),x¢eR

Proof. By Lemma 4.1, we can see

X

Ga(t,%) = =S[e*Y|twn], «eR,

Vv (i)

for G4 (t,x) given by (2.7) in Section 2.2. We expand the
equality with respect to « around ¢ = 0, and we get the
lemma. O

A direct consequence of Lemma 4.2 is the following.

Lemma 4.3. Assume thatf is polynomial. Then S [ f(w) ’
(t, V(t))] is an Fi-martingale.

The transformation (4.1) is extended to the linear trans-
formation of functions of x € ZN so that, if F®(x) =
Hjj\ilj;(k) (%)), k = 1,2, then

S[FOW| (o), ] = ﬁs [F0wp| @.5],
(o1
and
S[aFOW) + D W) (50l |
=S [FOW)| (x|
+aS [FOW)|(eoxoll,],

c,ca € Cfor0 < tj < 00,1 < j < N, where
W = (Wi,...,Wy) € ZN. In particular, if £, = £, 1 <
V¢ < N, we write S[-|{(tg,xg)}]2[:1] simply as S[-|(¢,x)]
with ¥ = (x1,...,x5). By multiliniearity of determinant,
the Vandermonde determinant does not change in replac-
ing xi»“l by any monic polynomial of x; of degree k — 1,
1 <j,k < N. Since my_(t, x;) is a monic polynomial of x;
of degree k — 1,

hve) _ 1
h(w)

B h(u) lfi’lng [Wlk,l(t’ V}(t))]

= det
h(u) lsj,lsgN

=5 et [

[ feio]

( V(t))} ,
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where we have used the multilinearity of determinant.
Therefore, we have obtained the equality,

h(V(t) [h(W)
h(w) h(u)

‘ (t, V(t))] , te€l0,00). (44)

We set & = Z,]\i1 Su; € Mo and consider a set of
functions of z € C,

zZ— Uj
ot =[] —=,

1<j<N, Hk W
ik

1<k<N. (4.5)

Foreach 1 < k < N, the function @g" () is a polynomial
of z with degree N — 1 with zerosatuj, 1 <j < N,j # k
and Cng (ux) = 1. By lemma 4.3 we can prove that, for
eachl <k <N,

ME @ Vi) 1= S [ @ (W)| (4 Vien |, ¢ €(0,00),
1<j<N
(4.6)

provide independent F;-martingales. Then we see that for
0<t< oo,

Eu[ M (6 V(0 | = Eu| M0, V()]

= M (0, u)
=) =4, 1<jk<N.
(4.7)
Now we consider the determinant identity [14],
h(z) u
— = det |PF*(z)]|, 4.8
h(u) 15/,/?51\1[ § (z,)] (48)

where & = Zj]\ilrSui, u = (uy,...,uny) € Wy, z =
(z1,...,zy) € CN and Cng (2) is given by (4.5). Using this

identity for #(W) /h(u) in (4.4), we have

h(V(©®) T
h(w) s [1551,1?21\/ [d)g (Wl)]’ “ V(t)):|
- 15%1?21\1 [S[ q)ék(m)’ ® Vj(m]]
= det (M@ vien], telo,00.

(4.9)

4.3 Determinantal martingales representation

Since we consider the noncolliding RW as a process rep-
resented by an unlabeled configuration (3.1), measurable
functions of E(-) are only symmetric functions of N vari-
ables, Xj(:), 1 < j < N. Then, we obtain the following
representation. Following [9], we call it the determinantal
martingale representation (DMR) for the present noncol-
liding RW.
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Proposition 4.4. Suppose that N € N and & = Z}]\il Su;
withu = (u1,...,uny) € ZN N Wy Let t €[0,00), t <
T €[0,00). For any F(t)-measurable bounded function F
we have

N
=())] = Uk .
E¢[F(2()) = Eu |F j§:1 o |, det ME@ v |

(4.10)

That is the present process (E,P¢) has DMR associated
with (V, Mg), where Mg is defined by (4.6).

Proof. To prove (4.10), it is sufficient to consider the case
that F is given as F(E(-)) = ]_[jr\ndzl gn(X(ty)) for M € N,
h < - <ty < T €][0,00), with symmetric bounded
measurable functions g,, on ZN 1 < m < M. Here we
prove the equalities

M
Eg []‘[ gm(xum))}

m=1

M
= E. [1‘[ gn(Ven) | det [ ME(T, \/;(T))]] :
m=1 =

(4.11)
By Lemma 3.2, the LHS of (4.11) is given by

h(V(tm))

M
E, [1‘[ gV ()1t > tar) ==

m=1

} . (412)

where we used the fact that A(V(¢))/h(u) is an F;-
martingale. At time ¢ = 1, there are at least one pair
(j,j + 1) such that Vi(t,) = Vip1(tu), 1 < j < N — 1. We
choose the minimal j. Let ;11 be the permutation of the
indices jand j + 1 and for v = (v1,--- ,vN) € ZN we put
0jj+1 ) = (Vaj,j+1(k))§<\[=1 =1..., Vit Vir o) vn). Let o/
be the labeled configuration of the process at time ¢ = t,,.
Since u; = u,, by the above setting, under the probability
law P, the processes V(¢), t > 7, and ;11 (V (1)), t > 14
are identical in distribution. Since g, 1 < m < M are
symmetric, but % is antisymmetric, the Markov property
of the process V (-) gives

M
E, [1‘[ En(V ()1 (tu < tar)

m=1

h(V(em) | 0
h(u) -

Therefore, (4.12) is equal to

M h(v M V(T
E{]‘[gm(V(tm>>(h((3)m =Eu| [ [gn(VE) (h(;))) :

m=1 m=1

where the F;-martingale property of h(V(¢))/h(u) was
used. By (4.9), (4.11) is concluded.

Next we check that M satisfies the conditions (M1),
(M2) and (M3) for Definition 1.1 in [9]. Since GD?" (z) is a
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polynomial of z of degree N — 1, Mgk (t, V(b)) is expressed
by a linear combination of the polynomial martingales
{m,(t, V() }nen,- Then Mg (¢, V(2)), 1 < k < N are F;-
martingales. Then the condition (M1) is proved. Since we
assume £ € 9o, then the set of zeros of <I>g" (2) is differ-
ent from that of @gl (z) for k # I. Therefore the condition
(M2) is proved. By (4.7) we can check that the condition
(M3) is satisfied. Then the proof is completed. O

5 Determinantal process

5.1 Correlation kernel

For any integer M € N, a sequence of times £ =
(1, .. ty) €[0,000M witht; < -+ < tar < T €]0,00),
and a sequence of continuous functions f = (f;,,. .., fi,,)
the moment generating function of multitime distribution
of the process E(-) is defined by

M
WEf] = Ee [exp{Z/ﬁm(x)E(tm,dx)}]. (5.1)
m=1 z

It is expand with respect to

X, () =em 1, 1<m<M (5.2)

as

M Ny
! = (m)
- 1<m<M
1 M
X pg (tl,x](\[1)§ : ..;tM,xI‘VM)),
(5.3)

where xl(\?’: denotes (xil),...,xj(\?:n)), and ( 5.3) defines

the spatio-temporal correlation functions pg(:) for the
process (E (1), t € [0,00), Pg).

Given an integral kernel K(s,x;t,9);(s,x),(t,y) €
[0, 0) x Z, the Fredholm determinant is defined as

Det
(S,t)e{tl ----- tm}
(xy)eZ?

-y Y e )

N, >0, ,(m) eszmWNm,mzljzl

) [85¢8x(y) + K(s, %58, 9) x:(9)]

1<m<M me
- = 1<m<M
X det [I((tm, £, tn,x,(f))] . (5.4)
1<j<Ny,1<k<Nj, /
1<mn<M

Definition 5.1. (Definition 1.2 in [9]) If any moment gen-
erating function (5.1) is given by a Fredholm determinant,
the process (8,P¢) is said to be determinantal. In this
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case, all spatio-temporal correlation functions are given by
determinants as

tM,x](\,M))

[Ke ™5 10,5,

1
Pt <L‘1,x](v1)

= det
1<j<Nu,1<k<Ny,
1<m,n<M

(5.5)

0<ti < <ty <00, 1<Ny<Nay esn1<

m < M € N. Here the integral kernel, K¢ : ([0, 00) x8)% —
R, is a function of initial configuration & and is called the
correlation kernel.

The main theorem of the present paper is the following.

Theorem 5.2. For any initial configuration § € My with
£(Z) = N € N, the noncolliding RW, (2 (t),t € [0, 00), P¢)
is determinantal with the kernel given by (1.1).

Proof. By Theorem 1.3 in [9], and Proposition 4.4 in the
present paper, we can prove that (Z,P¢) is determinantal
with the kernel

N
K(s,%6,9) = ) pls,xlup M (6,)—1(s > Dp(s—t,x]y),
j=1

(5.6)

where p is the transition probability (2.3) and M¢ is
defined by (4.6). By Lemma 2.2 and (4.1) with (4.5),

K(s, % t,y)

N
=Y e Ty ()Y Ty (—1) D, (W)

j=1 weZ
—1(s > t)e Oy (s — 1)

ZZIIJC ujl () jw—y| (—1) 1_[

=1 weZ. 1<e<n, W T e
L#j
—1(s > Oljx—y(s — 1) (5.7)
Forw € {u,}] 1
W — Uy _ 1, %fw = uj, ’ (5.8)
L<e<n, W T Wt 0, ifw=uyt #j.

%
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We apply (5.8) to (5.7), and then we obtain
K(s,x; ¢, %)

N
Z le—ujl (S)Ily—ujl (=1

j=1

Y

J=1 weZ\ gy,

I\x—u/\ (S)I\y—w\ (=1)

w—1u

< I

1<e<n,
t#j

—1(s > Oy (s — 1)

Since any factor of the form f(¢,y)/f (s, x) is irrelevant
for correlation kernels, we obtain (1.1). The proof is com-
pleted. O

Remark 1. Johansson [8] considered the Poissonized
Plancherel measure and proved that it is a DPP. The
correlation kernel is given by

K@,9) =Y Jerk @V yk@Ve), xy€Z, (59)
k=1

with a parameter « > 0 of Poisson distribution, where
Jv(2) is the Bessel function related with I, by [27]

e "2, (iz),
e3v7ri/2]v (iZ),

L) = —m < arg(z) < /2,
/2 < arg(z) < 7.

When x # y, (5.9) is written as

\/a]x(2\/a)]y+1(2\/5) — Jer12V0)]y(24/a)
xX—=y

Kx,y) =

It is called the discrete Bessel kernel. See also [1,26].
We notice that if we set u; = —j, 1 < j < N, and
s =t > 0, the first term of (1.1) seems to provide a finite-
term approximation of (5.9) with a negative parameter
o = —t% /4, since we see

N N
N L O (—) = 2753 T (0] ().

j=1 j=1

5.2 Extension to infinite particle systems
Fora € {2,3,...}, we consider a configuration on Z having
equidistant spacing a with an infinite number of particles,

£z () =) Sak().

keZ

(5.10)
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For the infinite-particle configuration (5.10), a one-
parameter family of linearly independent entire functions
of z € C with a parameter k € Z is defined by

a];z(z):: 1—[ z—aj 1—[ (1+z/an—k)

jelj+k ak — 4 neZ,n#0
LR 17 g pnh, e,
w(z/a—k) 21 J o

(5.11)

The entire functions (5.11) are regard as the limits of
polynomials (4.5) in the sense [12,18],

Php(e) = lim @k (), zeC. (5.12)

For (¢,y) € [0,00) x Z, (5.11) defines

M= 8 [ 8,0 6]

1 [ 4 4
- / dre HS] MV (1, )]
-7

= 7/ dre0/a= )exp{t(l—cos)} , keZ.
2m J_, a

(5.13)

It is readily to see that if V(¢), ¢ €[0,00) is a RW,
M];Z(t, V(t)), k € Z are F;-martingales.

Let Vj(t), t €[0,00),j € Z be an infinite sequence of
independent RWs. Then we have an infinite sequence of
independent F;-martingales,

M, V), keZ, te[0,00) (5.14)
for each a € {2,3,...} and k € Z. We write the labeled
configuration (@j)jcz with an infinite number of particles
as aZ, and under P,z, V;(0) = aj, j € Z. Then, for any
t €[0,00),

Eaz [ My (6, Vi(0) | = Bz [ M50, Vi) |
= M50,

jk €. (5.15)

= j,k’

For n € N, an index set {1,2,...,n} is denoted by IL,.

Given x = (x1,...,%,) € Z", whenJ = {j1,...,jy} C 1,

1<j1 <+ <jy <nweputxy = (xh’”"x/’,,/)' Fix

N e N.For J C Iy, defined a determinantal martingale of
(5.14)

Dant, Vi) = det[Mezt, V)], e [0,00).
kel

(5.16)
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Lett €[0,00),t < T €[0,00), N' € N,N' < N, and Fy
be a measurable function on ZN'. Then the reducibility

> BB (Vi) Dan(T, V()]
Jcly,4J=N"

= Y Ea[Bv(Vio)PaT Vi)
JCIn,gI=N’

= [ 2 @y [ (Vi )BT, Vi ()]
! (5.17)

holds. The proof is the same as that for Lemma 2.1 in
[9], where the martingale property (5.15) plays an essen-
tial role. Note that the last expression of (5.17) does not
change even if we replace N in the LHS by any other
integer N with N > N. Based on such consistency in
reduction of DMRs and the fact (5.12), the noncolliding
RW with an infinite number of particles started at &,z is
defined as follows [9].

Definition 5.3. For each a € {2,3,...}, the noncolliding
RW started at &,7, denoted as (E(t),t €0,00),P¢,,), is
defined by the following. Let t € [0,00),t < T € [0, 00). For
any F(t)-measurable bounded function F, which depends
at most n paths of RWs, n € N, and is symmetric at each
times < t, s € [0,00), its expectation is given by

e, [FE)] =Eaz | F [ v,y | Daz(T, Vi, (1))
j=1
(5.18)

Equation (5.18) says that the noncolliding RW has DMR,
hence we can characterize this infinite particle system
(E(2),t €[ 0,00), P, ) as follows.

Proposition 5.4. The noncolliding RW, (E(¢),t € [0, 00),
Pe ), a € {2,3,...} is determinantal with the correlation
kernel given by (1.4).

Proof. We —omit the irrelevant factor e~ in
Zjezp(s,xlaj)/\//\ljaz(t,y) —1(s > t)p(s — t, x|y) and obtain
(1.4). O

5.3 Relaxation phenomenon
In order to state the theorem, we define a DPP.

Definition 5.5. For a given density 0 < p < 1, the proba-
bility measure ;)" on Z is defined as a DPP with the sine
kernel

sin(pm(y — x))

K" (y —x) = 7
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Theorem 5.6. For each a € {2,3,...}, the process (E(¢),
t €[0,00),Ps¢,,) starting from the configuration (1.3)
shows a relaxation phenomenon to the stationary process
(E(),t €[0,00),P,) with p = 1/a. The stationary process
(E(),t €[0,00),P,) is reversible with respect to ,u,foi“ and
is determinantal with the correlation kernel given by

o
/ du cos(um (y—x))e”E=9cosuT - if g ¢,
0

sin(pm (y—x))

, ifs=t,
Ty —x)

Kyt—s,y—x) =

1
—/ du Cos(un(y—x))e_(t_s)cos“”, ifs > t.
p

(5.19)

Proof. We rewrite (2.3) as follows,

1 [T
t,ylx) = — dke'k0—x) g—(1—cos k)t
Pty = 5 f_ )
1

ar ) 0
= — d@e’e("_x)/“exp{—(l — cos ()) t}
2na ) 4 a

1
= / du cos(um (y — x)) exp {— (1 — cos(un)) t}
0
(5.20)

for ¢ € [0, 00), where a € N. Then we have

3" p(s,xlap) M5 (t,9)
jEZ

1 am T ) ) )
_ Z / 40 f D05+ /@ =i O+
dm2a jez, /—an -7

x exp {—s (1 — cos(@/a)) + t(1 — cos(r/a)}.

For (1.4), (s,x), (¢,y) €[0,00) x Z, we put
Ke,, (s, %58, 9)+1(s > )p(s—t, x|y) = G(s, % £, y)+R(s, %5 £, y)

with

1

x / dkei(0x+ky)/a+(tfs)(lfcos()»/a))
(A<

x Z e—i(9+k)jes{cos(9/a)—cos(A/a)},
jeZ

and

1
Ris,xt,9) = - > / do

jez w<|0|<am

« / Al 01y /a+(t=5)(1—cos(r/a))
[A|<m

x e—i(0+l)jes{cos(0/a)—cos()\/a)}.
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Since Y.z et = 2180 + 2) for 6,1 € (=7, 7],
we obtain

Gls,mity) = - / " 0= k=) (1—cos(i /)
2wa J_,

=Gt —sy—x).
On the other hand, when 7 < |0| < am and |A| < 7,
cos(0/a) < cos(r/a). We get
ecos(G/a)fcos(k/a) <1
Then for any fixed s, ¢ € (0, 00),
[Rs+7,%t+7,9)| >0 ast — o0

uniformly on any (x,y) € Z? and it implies

Ke,(s+t,%55t+1,9) = Kyt —s,y—%) ast — oo,
(5.21)
where
Ky(t —5,y—%) =Gt —s,y—x) —1(s > )p(s — t,x|y)
_ e A=)+ (E=s)(1—cos 1)
2

—pn
= 1(s > Hp(s — t, x|y).

This is equal to (5.19) up to an irrelevant factor e,

Here we remark p = 1/a gives the particle density
on Z. The convergence of the correlation kernel (5.21)
implies the convergence of generating function for corre-
lation functions lllguz [f], and thus the convergence of the
determinantal process to an equilibrium determinantal
process. Thus the proof is completed. O

This is an example of relaxation phenomena discussed
in [9-13].

Remark 2. If the initial configuration is &z, all sites
are occupied and there occurs no time-evolution in the
present system. In this case we have K¢, (s,x;t,y) =
Lix—y (s — )1(s < t). Since 1,,(0) = 8,0, n € N, it gives a
trivial result, pg, = 1.
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